COMBINATORIAL i?-MATRICES FOR 
KIRILLOV RESHETIKHIN CRYSTALS OF TYPE D^.B^,^ 
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Abstract. We calculate the image of the combinatorial i?-matrix for any 
classical highest weight element in the tensor product of Kirillov-Reshetikhin 
crystals B r < k (g> B 1 ' 1 of type D„ , ' , ^2n-l ■ The n °tion of ±-diagrams is 
effectively used for the identification of classical highest weight elements in 
B i,l g, B r,k 



1. Introduction 

Let U' q (g) be the quantum enveloping algebra associated to an affine algebra g 
without derivation. Let V, V be finite-dimensional ^(g)-modules. Suppose V ®V 
is irreducible and V, V have crystal bases B,B' . Then it is known [TTJ [TB] that 
there exists a unique map R from B ® B' to B' ® B commuting with any crystal 
operators ej and /j. There also exists an integer- valued function on B ® B', 
called energy function, satisfying a certain recurrence relation under the action of 
e t (see (|3?f|)). 

Combinatorial i?-matrices or energy functions play an important role in the affine 
crystal theory. In the Kyoto path model [9] , that realizes the affine highest weight 
crystal in terms of a semi-infinite tensor product of perfect crystals, the energy 
function is an essential ingredient for the computation of the affine weight. In the 
box-ball system [3l [4] or its generalizations [5] in the formulation of crystal bases, 
the time evolution of the system is defined by using the combinatorial i?-matrix. 
Energy functions are also crucial in the calculation of conserved quantities. In [TI5] 
a new connection was revealed between the energy function and the KKR or KSS 
bijection [T3l[I3l US] that gives a one-to-one correspondence between highest weight 
paths and rigged configurations. 

Recently, for all nonexceptional affine types, all KR crystals, crystal bases of 
Kirillov-Reshetikhin (KR) modules (if they exist), were shown to exist and their 
combinatorial structures were clarified [TTl EQl [lSl [Tj . Hence, it is natural to consider 
the problem of obtaining a rule to calculate the combinatorial i?-matrix and energy 
function. 

In this paper, for type Dn\ Bn\ A i ^_ 1 we calculate the image of the combina- 
torial i?-matrix for any classical highest weight element in the tensor product of KR 
crystals B r ' k (g> B 1 ' 1 (Theorem 14. ip . (Note that the first upper index of the second 
component is 1.) We also obtain the value of the energy function for such elements. 
Although we get the rule only for highest weight elements, there is an advantage 
from the computational point of view, since it is always easy to calculate the action 
of crystal operators &i, f% for i ^ not only by hand but also by computer. To 
identify highest weight elements in the image B 1,1 <g> B r ' k the notion of i-diagrams, 
introduced in [20], is used effectively. 
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The paper is organized as follows. In Section 2 we briefly review crystals and ±- 
diagrams. In Section 3 we recall the KR crystal B r ' k for type Dn , Bn and ^n-i) 
and the notion of combinatorial i?-matrix and energy function. The condition for 
an element of B r ' k £g> B 1 ' 1 or B 1 ' 1 <E) B r - k to be classically highest is also presented. 
The main theorem is given in Section 4. In Section 5 we prove a special case of the 
theorem, and reduction to this case is discussed in Section 6 according to whether 
r is odd or even. 

Acknowledgements. MO was supported by grant JSPS 20540016. The work of 
RS is supported by the Core Research for Evolutional Science and Technology of 
Japan Science and Technology Agency. 

2. Reviews on crystals and ±-diagrams 

2.1. Crystals. Let g stand for a simple Lie algebra or afflne Kac-Moody Lie al- 
gebra with index set I and U q (g) the corresponding quantized enveloping algebra. 
Axiomatically, a g-crystal is a nonempty set B together with maps 

ei,/j:B^BU{0} for i G I, 

wt : B -> P, 

where P is the weight lattice associated to g. The maps e, and fi are called Kashi- 
wara operators and wt is the weight function. To each crystal one can associate a 
crystal graph with vertices in B and an arrow colored i £ I from b to b' if fib = b' 
or cquivalcntly = 6. For b G B and i G I, let 

Ei(b) = max{fc G Z> | e k b ^ 0}, 

<Pi(b) =max{fceZ> |/i fc 6^0}. 

In this paper we only consider crystal bases coming from ?7 g (g)-modules. For a 
complete definition of crystal bases see for example [101 [6] . 

Let Bi,B 2 be crystals. Then B± ® B 2 = {h ® b 2 \ h G B±,b 2 G B 2 } can be 
endowed with the structure of crystal. The actions of Kashiwara operators and the 
value of the weight function are given by 

e t bi ® b 2 if ip l (bi) > £i(6 2 ), 
h ® eib 2 if (fi(bi) < £j(6 2 ), 

fih ® 6 2 if ^i(6i) > Si(b 2 ), 

wt (6i ® 62) = wt 61 + wt 62. 

The multiple tensor product is defined inductively. In order to compute the action 
of ej, fi on multiple tensor products, it is convenient to use the rule called "signature 
rule" [12l [16] . Let b\ ® b 2 ® • • • ® & m be an element of the tensor product of crystals 
B\® B 2 ® ■ ■ ■ ® B m . One wishes to find the indices j, j' such that 

ej(6i (8 ■ • • ® 6 m ) = 61 ® ■ • • ® ® • ■ • ® 6 m , 

/i(6i ® • • • ® 6 m ) = 61 ® • • • ® (8 • • • ® b m . 

To do it, we introduce (i-)signature by 

Ei(hi) Vi(bi) ei(6 2 ) ¥><(6a) £<(6m) Vi(6m) 



e- t (6i ® 62) 
® 62) 



COMBINATORIAL ii-MATRICES 



3 



We then reduce the signature by deleting the adjacent H — pair successively. Even- 
tually we obtain a reduced signature of the following form. 

+ H h 

Then the action of e 4 (resp. /;) corresponds to changing the rightmost — to + 
(resp. leftmost + to — ). If there is no — (resp. +) in the signature, then the action 
of ei (resp. fi) should be set to 0. The value of £i(6) (resp. ifi(b)) is given by the 
number of — (resp. +) in the reduced signature. 

Consider, for instance, an element 61 ® 62 C3> 63 of the 3 fold tensor product 
Bi (gi B 2 ® B 3 . Suppose £j(&i) = l,y»»(6i) = 3, £4(62) = l,Vi(kO = l,£i(&3) = 
2, ipi{b 3 ) = 1. Then the signature and reduced one read 

sig - + +•-+• h 

red sig — • +. 

Thus we have 

e,(6i ® b 2 ® 63) = ej&i <g> 62 ® &3j 
® & 2 ® 63) = MM hh- 

We denote by -B(A) the highest weight crystal of highest weight A, where A is a 
dominant integral weight. Let Aj with i e / be the fundamental weights associated 
to a simple Lie algebra. In this paper, we consider the types of B n , C n and D n . As 
usual, a dominant integral weight A = A^ + • • • + A ik is identified with a partition 
or Young diagram with columns of height ij for 1 < j < k, except when A ij is a 
spin weight, namely, A„ for type B n and A„_i and A„ for type D n . To represent 
elements of B(A) we use Kashiwara-Nakashima (KN) tableaux, a generalization of 
scmistandard Young tableaux for type A n . For KN tableaux refer to [12]. (See also 
[I] for a summary.) Contrary to the original one, we use the French notation where 
parts are drawn in increasing order from top to bottom. 

To calculate the actions of d, fi on a KN tableau it is convenient to use so-called 
the Japanese reading word of a tableau. For a KN tableau T move from right to 
left and on each column move from bottom to top. During this process we read 
letters, thereby obtaining a word w(T). A letter can be identified with an element 
of B(Ai), crystal of the vector representation. Hence w(T) can be viewed as an 
element of B(Ai)® N with N being the number of nodes in T or length of w(T). 
Then the action of or fi is calculated by using the signature rule. We still need 
to remember the crystal graph of -B(Ai) for type B n ,C n ,D ni but it is easy as 
described in [12] . 

2.2. ±-diagrams. Let X n be B n , C n or D n . For a subset J C /, we say that b 6 B 
is J-highest if ab = for all i G J. We set J = {2, 3, ... , n}. We describe J-highest 
elements in terms of a notion of ±-diagram [20]. A ±-diagram P of shape A/ A is a 
sequence of partitions Ac/icA such that A/// and /i/X are horizontal strips. We 
depict this ±-diagram by the skew tableau of shape A/A in which the cells of ///A 
are filled with the symbol + and those of A/fi are filled with the symbol — . Write 
A = outer(P) and A = inner(P) for the outer and inner shapes of the ±-diagram 
P. For type C n we have a further requirement: the outer shape A contains columns 
of height at most n, but the inner shape A is not allowed to be of height n (hence 
there are no empty columns of height n). As we have discussed we identify a Young 
diagram with a weight. 
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Proposition 2.1. [20j Let A be an X n weight that does not contain spin weights. 
Then there is an isomorphism of X n -i-crystals 

BxM)= B Xn _ 1 (inner(P)). 

^-diagrams P 
outer(P)=A 

That is, the multiplicity of Bx n _ 1 (X) in Bx n (A), is the number of ±- diagrams of 
shape A/ A. 

There is a bijection <I> : P i— > b from ±-diagrams P of shape A/A to the set of 
J- highest elements b of A„_i-wcight A. For any columns of height n containing 
+, place a column 12- • -n. Otherwise, place 1 in all positions in P that contain 
a — , and fill the remainder of all columns by strings of the form 23- --k. We 
move through the columns of b from top to bottom, left to right. Each + in P 
(starting with the leftmost moving to the right ignoring + at height n) will alter 
b as we move through the columns. Suppose the + is at height h in P. If one 
encounters a 1, replace 1 by h + 1. If one encounters a 2, replace the string 23 • • • k 
by 12 • • • hh + 2 • • • k. 

Example 2.1. Let us consider the following zt-diagram. 



P 



+ 
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+ 



To obtain $(P) we first draw the tableau 
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Reading from left there arc +'s at height 4,3,2,2,1. Each + alter the above tableau 
as follows. The 1st + changes the first column as 1234 (reading from bottom), the 
2nd and 3rd change the second column as 1244, the 4th changes the third column 
as 124 and the 5th changes the fourth column as 134. Therefore, 4>(P) is given by 



For a word a = a\ai 
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e a 




e Q 




e a 2 





. We use this convention also 



for /. Note that the order in e a is reversed from a. Next proposition shows how 
we get to the highest element from a ±-diagram by applying e^'s. 

Proposition 2.2. Let P be a ±-diagram whose outer shape has depth r. Suppose 
r < n — 1 for B n , r < n for C n , r < n — 2 for D n . Let Ci be the number of columns 



of the outer shape with height i. Let c i 
at height i. Define a word a by 



(resp. cf ) be the number of — (resp. +) 



a 



l ai 2 a 



(n - 1) Q " 



-(?i-2) a —2 •••l Q i 
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where 

i—1 n i 

3 = 1 j=i+l j=l 

where 7 = 2 for B„, 7 = 1 for the other cases, and 7' = for D n , 7' = 1 /or 
i/ie other cases. Then e a $(P) is i/ie hightest weight element with highest weight 

given by its outer shape. Moreover, at each step when we apply e" 1 or e^ 1 , including 

e n a "i e I-i~ 1 ; ^ e action is maximal, namely, if we apply e° i+1 ore° i+1 , the outcome 
turns out 0. 

Proof. Suppose r ^ n for type C„. We first prove the claim when there is no + in 
P. Set di = ci — cf . Then the Japanese reading word of the tableau corresponding 
to P is given by 

I cr 2 dl (2T) C 2 (23) d2 • • • (23 • • • rT) c ' 7 (23 • • • r r + l) d '\ 

The 1-signature is just given by — Bl , where S\ = C\ + J2l =2 (ci + cf), and there 
is no need to reduce. Hence one can apply e^ 1 . Calculating similarly for i = 
2, 3, • ■ ■ , n, n — 2, • ■ ■ , 1 one always has a simple i-signature of the form — 6i , and we 
arrive at the highest weight clement as desired. 

Next we consider the general case. We prove by induction on N , the number of 
+. If N = 0, the claim is proven. Suppose N > and let h be the height of the 
lowest + in P. Let P' be the same ±-diagram as P except that there are one less 
+'s at height h. Compare the Japanese reading word of the corresponding tableaux 
of P and P'. The difference is: 

cither (i) there is a subword w = 12 •■• hh + 2 •• ■ inP 

but 10' = 23 • • • h + 1 h + 2 • • ■ in P', 

or (ii) there is a letter h + 1 in P but 1 in P' . 

Apart from this difference in two words, there are subwords of the form 23 • • • or 
letters 1 on the left and subwords of the form 12 • • • h! h' + 2 • • ■ or h' + 1 for some 
h' > h on the right. Let us calculate the 1-signatures of both words. They are 
for P and - A + 1 J r B - 1 f or p\ (There are no H — pairs.) After applying e™ ax 
on both P and P', the 2-signatures also turn out of the form — A + B for P and 
_A'+i + b'-i for pi Thc diffcrcncc is that thcrc ig 12 . . . f\h + 2 ■ • ■ or h + 1 in P 

but 13 • • • h + 1 h + 2 ■ ■ • or 2 in P' . Similar situations continue until we apply eh, 
and after applying e™ ax , the two results coincide. Hence we should have thc desired 
result. 

The proof in the case of r = n for type C n is almost the same. Thc only difference 
is that we first treat the case when there is no + in P except at height n, since 
there is no empty column of height n. Hence we omit the proof. □ 

Example 2.2. For a ±-diagram given in Example |2~H set a = 1 7 2 5 3 5 4 3 5 3 ■ • • 4 3 3 2 2. 
Then, according to the previous proposition e a (fr(P ) is a highest weight clement. 

Later in this paper we will need to apply e\ to a zb-diagram P. Since e\P 
is no longer J-highest, we have to use a pair of zb-diagrams {P,p) to consider 
{3, 4, . . . , n}-highcst elements. Namely, P represents a J-highest element and p 
represents a {3, 4, . . . , n}-highest element in the A"„_i-component whose highest 
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weight vector correponds to P. Under this bijection we identify a {3, 4, . . . , n}- 
highest element b with a pair of ±-diagram (P,p). To describe the action of ei on 
(P,p) perform the following algorithm: 

(1) Successively run through all + in p from left to right and, if possible, pair 
it with the leftmost yet unpaired + in P weakly to the left of it. 

(2) Successively run through all — in p from left to right and, if possible, pair 
it with the rightmost yet unpaired — in P weakly to the left. 

(3) Successively run through all yet unpaired + in p from left to right and, if 
possible, pair it with the leftmost yet unpaired — in p. 

Proposition 2.3. |20[ Lemma 5.1] If there is an unpaired + in p, e% moves the 
rightmost unpaged + in p to P. Else, if there is an unpaired — in P , e\ moves the 
leftmost unpaired — in P to p. Else e\ annihilates (P,p). 

3. KR CRYSTAL B r,k AND COMBINATORIAL i?-MATRIX 

Let g be an afhne Lie algebra of type Dn \ B„ , or A 2 2 ^_ 1 with the underlying 
finite-dimensional simple Lie algebra go of type X n = D n ,B n , or C n , respectively. 
We label the vertices of the corresponding Dynkin diagram according to [7] , so the 
index set of g (resp. go) is I = {0, 1, . . . , n} (resp. I := I\ {0} = {1,2,..., n}). In 
this section we review KR crystals B r,k of type g given in [HI [20] for k G Z>i and 

1 < r < n- 2 for L>1 1} , 1 < r < n - 1 for B^ ] and 1 < r < n for A^_ v 
As an A„-crystal, B r - k is given by 

(3.1) B^ = 0B(A), 

A 

Here B(A) is the A ra -crystal of highest weight A and the sum runs over all dominant 
weights A that can be obtained from sA r by the removal of vertical dominoes, where 
Aj are the i-th fundamental weights of X n . 

In order to define the actions of eg and /o we first consider an automorphism 
a on the KR crystal B r,k . The Dynkin diagrams of type D„ , B„ , and ^4ri-i 
all have an automorphism interchanging nodes and 1. a corresponds to this 
Dynkin diagram automorphism. By construction a commutes with e,; and fi for 
i£ J := {2, 3, . . . , n). Hence it suffices to define a on J-highest elements. Because 
of the bijection $ from zb-diagrams to J-highest elements as described in Section [2~2l 
it suffices to define the corresponding map S on ±-diagrams. Let P be a ±-diagram 
of shape A/ A. Let Ci = Cj(A) be the number of columns of height i in A for all 
1 < i < r with Co = k — Ai. If i = r — 1 (mod 2), then in P, above each column 
of A of height i, there must be a + or a — . Interchange the number of such + and 
— symbols. If i = r (mod 2), then in P, above each column of A of height i, cither 
there is no sign or a =p pair. Suppose there are pi =p pairs above the columns of 
height i. Change this to (q — pi) T pairs. The result is &(P), which has the same 
inner shape A as P but a possibly different outer shape. 

Let b G B r > k and a = a\02 ■ ■ ■ ai be such that e a b is a J-highest element. Then, 
o~(b) is given by 

(3.2) a(b) = / Rev(a) o $ o 6 o $-! o e a (b), 

where Rev(a) = ai ■ ■ ■ a2a\. The affinc crystal operators eo and fo are then defined 
as 



(3.3) 



e = a o ei o a, f = a o f x o a. 
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If r = 1, the structure of the KR crystal turns out simple. An crystal element 
of B 11 can be identified with one-row KN tableau of length I with letters from i,i 
(1 < i < n) (and for B^). Denoting the number of letters i, i or by Xi, x~i or 
xo, we have the so-called coordinate representation of B 1 ' 1 [8l I16j. 
(3.4) 

!{(xi, . . .,x n ,x n , . . .,xx) I x n or S n = 0,J27=i( x i = /} for d£\ 

{(xi, . . .,x n ,x ,x n , . . .,xi) I x = or l,I]" =1 (xi + x,) + x = 1} for i?4 , 
{(Xi, . . .,X n ,X n , ... ,Xi) | E"=l(^ +»0 = for -<4n-l- 

The action of e*, /; for « = 1, 2, . . . , n can be calculated as we explained in the last 
paragraph of section HOI The action of cq, /q is given by 



e b 

(3.5) 

fob 



(xi,X2 — 1, • • • , ai2,a;i + 1) if x 2 > x 2 , 

(xi — 1,X2, ■ ■ ■ ,X~2 + l,Xl) if X 2 < X~2, 

(xi,X 2 + 1, • • • ,X2,Xi - 1) if X2 > X2, 
(Xl + 1,X2, ■ ■ ■ ,X2 — l,Xi) if X 2 < X2- 

We list the values of Si , ifi below. 

e (b) = xi + (x 2 - x 2 )+, <po(b) =~x~\ + {x 2 - x 2 )+, 

Si(b) =x t + (x l+1 - x i+1 )+, (fi(b) =x t + (x i+ i - x l+ i) + if i ^ 0, n, 

) for D { n\ 

(e n (b), tp n (b)) = < (2x„ + x Q ,2xn + so) for B^, 
^ (x ra ,x„) for A 2n _i, 

where (.t) + = max(x, 0). 

Let us now consider a tensor product of KR crystals B r,k ® B r ,k . It is known 
jlllll6j that there exists a unique bijection R 7 called combinatorial i?-matrix, com- 
muting with Kashiwara operators ej, fi for any i — 0,1, ... ,n. Since R preserves 
the weight, uq ® u' should be sent to u' ® uq by R, where uq (resp. u' ) is the 
Jo-highest elements of B(kA r ) (resp. B(k'A r >)) in B r - k (resp. B r '' k '). For the 
other elements the image is uniquely determined, since B r,k £g) B r ,k is known to be 
connected [2J. Next we explain the energy function H. Let b®b' G B r ' k ® B r '< fc ' 
correspond to b ® b £ B r ' k ® i? r,fc by i?. Suppose e,(6 6') ^ 0. Applying on 
both sides of R(b ® 6') ~b' ®b, we are led to consider the following four cases: 

(LL) i?(e;6 (8) 6') = e l b' ® 6, 

(LR) R(eib®b') =V <g> e^, 

(RL) ® e*6') = e,6' 6, 

(RR) i?(6 ® e^') = 6' ® e»6. 

Then the function H is uniquely determined, up to adding a constant, by 

{H(b Cg) 6') + 1 if i = and case (LL) occurs, 
H(b ® V) - 1 if i = and case (RR) occurs, 
H(b 55 6') otherwise. 

Although it is not obvious that such a function exists, it is shown to exist [TT| I16j. 
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Next we investigate conditions for an element of B r ' k eg) B 1 ' 1 or B 1,1 <g> B r ' k to be 
/o-highest. Recall the following fundamental fact: 

(3.8) e l (b (g> 6') = if and only if e t b = and £,(&') < (hi, wt 6). 

In particular, if b ® 6' is Jo-highest, then 6 has to be To-highest. 

Proposition 3.1. Lei /i = ^.-^Ai 6e a dominant integral weight that appears in 
(|3.ip as highest weight. By abuse of notation let fi also stand for the highest KN 
tableau of weight fx. Let x be an element of B 1 ' 1 represented by coordinates. Then, 
an element b (g> x of B r ' k <8> B 1,1 is I^-highest, if and only if b = fi for some fi as 
above and the following conditions for x are satisfied. 

(i) x,=0ifi>r + 2, 

(ii) Xi = if i > r + 2 or i = r + 1 (2), 
(hi) Xi+i + Xi < Hi if i < r and i = r (2), 
(iv) Xi <Xi if 1 < i < r and i = r (2). 

('2) 

In the case of r — n where q = A y 2r l_ 1 , x n+ i appearing in (Hi) should be understood 
as 0. 

Proof. Apply (|3.8p for i = 1, 2, . . . , n and use the formula for E{ in (|3.6p . □ 

In what follows, for a zt-diagram P we use the following notation. Let * be one 
of ■,+,—, =p (• stands for emptiness). We denote by p* the number of columns of 
the outer shape of P of height i that contain *. 




+ +- - 

+ + 

i 



Proposition 3.2. An element b ® b' of B 1 - 1 ® B r - k is I^-highest, if and only if 
6=1 and b' is a J -highest element whose corresponding ^-diagram P satisfies 

l<i<r KKr 
i=r(2) i=r(2) 

Proof. Apply (|3.8| for i = 1, 2, . . . , n and use Proposition 12.31 to calculate e\ of the 
±-diagram P. □ 

4. Main result 
We consider the combinatorial i?-matrix 

R : B r > k ® B u — > B 1 ' 1 ® B r > k . 
Let b ® x £ B r > k (8 B 1 ^ be 7 -highest and R(b <g> x) — x' ® b'. Then, x' (g) 6' is also 



io-highest, and from Propositions 13.11 and 13.21 b = fj, for some dominant integral 
weight /i, a;' = l l and there exists a ±-diagram P such that 6' = &(P). Thus we 
have 

R(fi®x) = l l ® $(P). 
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H(p ® x) 



For an element of B 1 ' 1 we use both the coordinate representation and the Japanese 
reading word of the corresponding one-row tableau. Let p* (* = •, +, — , =p) be data 
corresponding to P as in the previous section. Then our main result is: 

Theorem 4.1. With the notations above we have the following formulas. 

!x 2 -x 2 - (xi - |Uo)_ for i = 0, 
x r+1 for i = r, pf = (H—Xi — Xi+i, 

Xi+2 — %i+2 otherwise, 

- _ f xi fori = l, zp _ f min(/i ,a;i) fori = 2, 
^ l \ Xi otherwise, * 1 otherwise. 

Here = min(a;, 0), /io = fc— X)i>o o,ndp = k—(the first part of the outer shape 
We also note i = r (mod 2). 

Moreover, the value of the energy function is given by 

Ai — k — I if r is odd, 

(Ai — k) + — I if r is even, 

if we normalize H in such a way as H{{k r ) <g> 1') = 0. Here Ai is the first part of 
the partition corresponding to the weight of fi<g> x. 

Solving the formulas for p* with respect to (i and x, we obtain 

Corollary 4.2. The coordinates of the image fx (g) x of the inverse of R for an 
element l l (8> $(P) of B 1 ' 1 ® B r ' k are given by 

(l-k+ J2i=r (2) (Pi -Pi))-+P4+Pt+P2+P'o tf^ 2 and r is even , 
Pf+2 + Pt + Pi + Pi-2 «/ < i < i 7^ 2 and i = r (mod 2), 

(l — k + J2i=r (2)(Pi ~Pi))+ +P2 tfi = 1 and r is even i 
I - k + Y^i=r (2) (Pi ~ Pi) + Pi * = 1 arlC ^ r * S 

Pi 7 */ * 1 arl ^ i = r (mod 2), 
Pi+l */ * 7^ 1 ffln ^ * ^ r (*7iod 2), 

»t =Pi +Pi-2- 

Here we should understand pf +2 = P r ,P—i = 0. 

In what follows in this section we prove Theorem 14.11 by assuming technical 

(2) 

propositions in later sections. Wc give a proof only for type A y 2 ^_ 1 , since the 
difference from the other cases is very small as we have seen in Proposition 12.21 
Suppose we need to apply e a with such a word a as 

a = ■ ■ ■ (r + l) Q (r + 2) a ■ ■ ■ n a (n - l) a ■ ■ ■ (r + 1) Q • • ■ 
for type -A^n-i ( see e -S- (E3J)- Then for type fii 1 ' we replace it with 

a = ■ ■ ■ (r + l) a {r + 2) a ■ ■ ■ n 2a (n - l) a ■ ■ ■ (r + l) a ■ ■ ■ , 
and for type Df^' 

a = ■ ■ ■ (r + l) a {r + 2) a ■ ■ ■ n a (n - 2) a ■ ■ ■ (r + l) a ■ ■ ■ . 

Consider first the case when r is odd. Suppose fj,, x and P are related as in the 
statement of the theorem. We are to show 

(4.1) R(n®x) = l l <g>$(P). 



/' 
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By Proposition 16.101 showing (|4.1|) is reduced to the case where x is of the form 
x = 3 X3 l l ~ X3 . Applying this proposition again to this case, it is then reduced to 
the case where x = 1 , since there is no 2 or 1 in x of the previous case. Hence 
Proposition 15 . 1 1 completes the proof of (|4.1[) . (Notice that when x = l l ,pf — Hi for 
any odd i and the other p* are all zero.) Using these propositions we can calculate 
H as 

H(ji ® x) = H{ji ® 3 X2+X1 1 1 -**-** ) + ( Xl+X2 - l) 

= H{J1 ® l l ) + (-X 2 - Xi) + {Xi +X 2 -l) 

= x\ — x\ — I = Ai — k — I, 

since Ai = k + x\ — x\ . 

The case when r is even can be proven similarly by using Propositions 16.131 and 



5. Proof of a special case 

5.1. Statement. Let /x = Y^iLi CjAk be a dominant integral weight whose corre- 
sponding Young diagram is depicted as follows. 



Ci. 



. c 2 - 



.71 



.72 



Here one can assume ~ 3% € 2Z>o and c$ > 0. We also assume that 

(5.1) ^ Ci = fe, j m > 0. 

i=l 

Then the claim of this section is the following special version of the main theorem: 
Proposition 5.1. Let [i be as above. Then we have 

R{p ® l') = l l ® /i, H(n®l l )=0. 

Remark 5.1. The condition (|5.ip for € B r ' k is necessary. For example, in type 
D£\ the image of the combinatorial i?-matrix and the value of the energy function 



for 



)\T\e B 2 - 2 ® B 1 - 1 are[T]( 



2 


2 


1 


2 



and — 1. 



We divide the proof of this proposition into three parts. Let us define two words 
that will be used in the proof. 

ai = jSrVm + 1) C '" (jm - l) Cm J™ m (jm ~ 2) C '" (j m ~ If™ ■ ■ ■ 1 C '"2 C >", 



02 — Ct2,l a 2,2 a '2 : 3 a 2,4, 
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where underbraces are introduced to show a unit of repetitions, and 02.1, • • • j ^2,4 
are defined as follows. Set S = (I— c m ) + , then 02,1 = fl2,imfl2,i,m-ia2,i,m-2 • ■ ■ 12,1,2 
where 



_ 2fe+(5-| 2k o2k+Sn2k (■ , -i\2k+S-2k 
0-2,\,m — * 1 <J * ■■■{Jm + i-) J m i 



a 2 .i, m -i = (j m + 2f k - c -+ 5 ( Jm + l) 2fe - c - (j m + 3) 2k - c - +s ( Jm + 2) 2fe - 



( Jm _ 1 -l) 2fc - c ™ +5 m _ 1 -2) 2fc - c " 



and for m — 2 > i > 2, 



■ ■ ■ Ui-l - l? k -^ U Cj+5 (^-i - 2) 2fc ~^ ^ . 

S v ' 

a 2 ,2 is defined by 

a 2 ,2 =h k+5 (h + l) k+S ■ ■ ■ n k + s (n l) k + s ■ ■ ■ 3l k+s 

and a 2 ,3 = 02,3,1 ■ ■ 1 a2.3,m-2a2,3,m-i where for 1 < i < m — 2, 

V v ' N v ' 

V v ' 

and a 2 , 3 , m -i is 

(j m -i - 2) k -^7=i 1 v+ s (j m _ 1 - if-W 1 ^ ( Jm _ 1 _ 3 )fe-2:;r 1 1 c J+5(j . n _ i _ 2) k-^ C] 



Finally, a 2 , 4 = #,(j TO - l) 5 • • ■ 2 S 1 S . 

In the process of proof, we use a dominant integral weight /2 given by jl = 
Y^-i Cjh-ji + c m Aj m+ 2- We assume that c m is even. The proof for odd c m is 
similar. During the proof, we often identify a KN tableau with its Japanese reading 
word. 

5.2. Proof: Part 1. The goal of this subsection is the following lemma: 
Lemma 5.2. e a2 e^~ Cm+S f ai 0" ® l') = /S ® l'. 

This is a direct consequence of the following three sublcmmas. 
Lemma 5.3. 

f ai {tx®l l ) = (34---0m + 2)) c ™(12---j m _ 1 ) c — 1 •••(12...j 2 ) C2 (12---ji) Cl 
Lemma 5.4. 

eg* ~ Cm+S f ai fa ® 1') =(34 • • • (j m + 2)2T) C ™ (34 • • • j^llf^ ■ ■ ■ 
■ ■ • (34 • ■ • j 2 2T) C2 (34 ■ ■ ■ ji2T) Cl ® 2' 5 l i -' 5 . 
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Proof. To begin with we apply eo on f ai (/j,) for maximal times. Define a word 0.3 
by 03 = 2° m 3 Cm • • • (j m + l) Cm . Then the J-highest element of f ai {p) is 

e a3 {faM) = (23- • • (jrn + l)) Cm (12- • ■ jm-l)^ 1 ■ • • (12 ■ • • J 2 ) Ca (12 • • • hf\ 

By the map 'I'" 1 we get the corresponding ±-diagram and © acts on it as follows: 



+ 



Note that there are c m +'s at height (j m + 1) of the right ±-diagram. Assume that 
Cm satisfies Y?j=i 2c j < c >™ ^ J2)=i 2c r Then $060 $ _1 o e a , o f ai (/j.) is 



(5.2) 



(23 
(23 
(23 
(23 
(12 
(12 
(12 



2)T) C 

'2)0', 

■2)0; 

2)0. 

i)0, 
i)0, 
1)0, 



•3) (j n 
3)0„ 

■3) 

3)0, 

3)0, 

3)0, 



4) 
4) 
4) 
4) 
4) 
4) 



ji-iTy*- 1 

^1)25=1^-^/2 

ii0m + 2)) C ™/ 2 -^'-^ 



ii-l0m + 2)) Ci - 1 
ilO'm + 2)) Cl 



and / Rcv ( a3 ) o $ o 6 o $ 1 o e a;i o / 0l (/j) is 

(234 • ■ • 0m + 2)T) Cm (234 • • • jm-il)^ ■ ■ ■ (234 • • • j^Tf* 
(234 • ■ • j 4 T)£i=i c - c ™/ 2 (i34 . . . j i 2)c m /2-r;« = i Cj 
(134- • • Ji+ i2) c '+ 1 • • • (134- • • j 2 2) C2 (134- • • ji 2 ) ci . 
From this expression, we get £ (/oi(m)) = 2/c - c mi ip (f ai ([i)) = c m 



Applying 



we get 



„2k-c„ 



/Rcv(a 3 ) O $ O 6 O $- 



/01 (M) 



(134---0 m + 2)2) c '"(134---j m _ 1 2) c 



To convert the action of e 2 c '™ into that of e. 



_2fc- 



(134---i 2 2) c =(134---i 1 2) c 



we need to define the words 



a.4 = 041.04,204,3 as follows. 0,4.1 = 0.4, 1. m+iQ-A. 1, mfl4. i, m-i ''' °4,i,2 where the 
subwords 04 1 , are 



04,l,m+l — 2 3 • ■ ■ m + 1)' 

o 4 ,i, TO = Om + 2) 2fc - c "(j OT + 3) 2fc - 



a 4,l, 



•A- 



'to+ir 



• m -i-i) 2fc - Cm , 

0'i-i - l) 2fe -^ m =. c j (m - 1 > i > 2). 
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Define a 4 , 2 = 3i l?i + l) fc • • • n k (n - l) k ■ ■ ■ (ji + l) k j k and a 4 , 3 = 04,3,1 • ■ • 04,3,771-1 
where the subwords 04,3,, are 

04,3,, = (ji - l)*-£i=' - 2f~^U «* . -fop- 1 C \ (2 < i < m - 2), 

04,3,m-l = (jm-l ~ l)*"^ Cj (j m -i - 2) fe "^ 1 C ' • • ■ (j m + 2) fe -^" C > . 

Then, starting from e a4 one calculates 

(123 ■ • • (j m + l)Ti) Cm (123 • • • (j m -i - iWiY™- 1 ■ ■ ■ (123 • • • (ii - l)Ti) Cl 
^(123 • • • (j m + l)ii) c '" (123 • ■ • (j m _! - lb'i)^- 1 ■ ■ • (123 • • ■ (ji - l)j!) Cl 
^U(12 ■ • • (j m + 2)) c "*(12 • ■■j m - 1 y™-> • • ■ (12 • ■ -j-CfK 



Here 6 — 6' means e a b = b' . With <I> 1 , this corresponds to the following it- 
diagram and 6 acts on it as follows: 



Thus, starting from $ o (5 o $ 1 o e a4 (wi), we calculate 

(23 • • ■ ( Jm + 2)T) C "*(23 • • • j m -il) Cm - 1 ■ ■ • (23 • ■ • jiT) Cl 



/He 



•(»4,3) 



/Re 



< a -4,l) 



>(23 • • • (j m + l)iil) c ™(23 • • • (i m _ x - l^'il) ™- 1 • • • 

•••(23---(j 2 -l)j 1 T) C2 (23---(j 1 -l)j 1 T) Cl 

>(23 • ■ ■ (j m + l)jTT) Cm (23 • ■ ■ (j m -i - iWilf™- 1 • ■ ■ 

»(34 • • • (j m + 2)2 T) c ™ (34 • • • i TO _ 1 2T) c — 1 • • • (34 • • • j 2 2 I) C2 (34 • • • j x 2 T) C1 , 



where the final formula gives eg fc_Cm (/ ai (/x)). 

From £o(/ai (/•*)) and ( Po(fa 1 (fJ-)), we see that the O-signature of <8> l') is 

_2fc- c „, _|_ Cm Therefore we get 



2fe-c m +(i-c TO )-| 



/ 0l (/i ® 1') =(34 • ■ • ( Jm + 2)2 l) c ™ (34 ■ ■ .j m _ t 2 l)"— 1 



• • • (34- • - .722 1) C2 (34- • -ji21) Cl ® 2 ( ^ Cm) + iM*-c m )+ j 
which gives the desired expression. □ 
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Lemma 5.5. Starting from e a2 y e 



2k-c 



fa x {fx ® l'); we have 



(123 
(123 

►(123 
(123 

►(123 
(123 

►(123 
(123 



■3mh (ji - l)) Cm (123 • • • (i m _! - 2) n ( n - l))^- 1 • • • 

■ Oa - 2)jT(7T^T)) C2 (123- ■ • (ji - 2)^(j7^T)) Cl ® jT'l'-' 

•imO'i - l)ii) Cm (123 • • • ( Jm _i - 2)(Ji - i)h) Cm - 1 ■ ■ ■ 

■ (h - 2)(ii - l)ji) C2 (123 • • • (ji - 2)(ji - l)ji) ci ® (ix - l) 5 l'- 

•imOm + + 2)) c "*(123 ■ • • (j ro _i - 2)(jm-l - l)j ro _i) C ™- 1 

• (j'a - 2)(j 2 - l)j 2 ) C2 (123 • • • (h - 2)(ji - l)ii) ci ® (jm + 

• JmO'm + !)(im + 2)) c '"(123 • • • (j m _i - 2)(j TO _i - 1 ).?„,_ i)^"" 1 

■ (32 - 2)(j 2 - l)j 2 ) C2 (123 ■ • ■ (h - 2)01 - l)ii) c ' ® 1', 



where the final expression is equal to fi ® 1 



Since 



-a 2j 4 °12,3 02,2 °02 



i = e 02 , we have finished the proof of Lemma 15.21 



5.3. Proof: Part 2. The goal of this subsection is the following lemma: 
Lemma 5.6. e a2 e 2 k ~ Cm+S f ai (l l ® fx) = l l ® Ji. 
To begin with, we have 

f ai (l l ® (123 • • • j r „) Cm (123 • • -jm-i)^- 1 ■ ■ ■ (123 • • ■ ji) ci ) 
= fi»fi a Q l ® (145 • ■ • (jm + 2)) c -(123 ■ ■■j m -i) Cm - 1 ■ • • (123 • ■ ■ ji) Cl ). 
Here, we need to divide the calculation into two cases. 

Case 1: If / < c m , we have 

f ai (l l ® /i) = 3' ® (345 • • • (j m + 2)) c ™-'(145 • • • (j TO + 2))' 
(123--- Jm _ 1 ) c — 1 ---(123---ji) Cl . 
=:3' ®w 2 . 
Case 2: If / > c m , we have 

/ 01 (l 1 <8> a*) = 3 Cm l'~ Cm ® (145 • • • (j m + 2)) c '" (123 ■ • ■ jm-i)^ 1 ■ ■ ■ (123 

5.3.1. Proof for Case 1. To begin with we remark that in this case we have 

2k c ra = 2k c m + S — 2k c m ~\~ (I c m )-f • 
Lemma 5.7. Assume that I satisfies YTj—i 2cj < I < YTj=i ^ c j- Then 

ef~ c - f ai {l l ® li) = 

3 ; ® (345 • • • (j m + 2)2l) c ™(345 • • ■ ]m ^21) c ^ ■ ■ ■ (345 • ■ -^21)^ 

(345 • • -01)^=1 ^-'/ 2 (145 • ■ ■ j t 32) l/2 -^=' c * 
(145 •• ■ j m 3 2) Ci+1 • ■ ■ (145 • • ■ j 2 3 2) C2 (145 •• ■ , H 3 2) Cl . 
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Proof. Define a word a 5 by a 5 = 2 C ™~ 1 3 Cm 2 z 4 Cm 3' • • • (j m + l) c " l i™- Then we have 



(w 2 ) = (234- • • (j m + i)) c "*-'(i23 • • •i m )'(123 • • • j„ i _ 1 ) c 



(123 ■■■j 1 y 



By the map <& 1 , e a5 (w2) corresponds to the following ±-diagram, 6 acts on it as 
follows: 





There are (c m — I) +'s at height (j m + 1) in the right ±-diagram. Assume that 

(c m — I) satisfies 2j=i < ( c ™ — — Si'=i 2 c j- We a ^ so assume that this * 
satisfies i < m for the sake of simplicity. Then $oS o$ _1 o e a5 (u; 2 ) is 



(23 
(23 
(23 
(23 
(12 
(12 
(12 



■j™l) / (23---0 m + 2)l) c '»- 
•0m + 2)(j m + 3)(j, m +4) 



(in 
(in 
(in 
(in 
(in 



2) (in 
2) (.7, 
l)(in 
l)(j'n 
l)(in 



3) (in 
3) (in 
3) (in 
3) (in 

3) (J, 



4) 
4) 
4) 
4) 
4) 



j i+ il) Cl+1 

j 4 l)E} =1 c 3 -(c m -i)/2 

j4 (]-T2))(--')/ 2 -^-' 



j 4 _ 1 (. 7m + 2)) c - 1 
jiO' m + 2)) Cl , 



and / Ro v(o 5 ) o $ o S o $ 1 o e a5 (w 2 ) is 



(456 
(234 
(234 
(234 

(134 
(134 
(134 



(j m + 2)1/(234 • • ■ {j m + l)(j m + 2)l) c 



l)(in 
l)(in 
l)(in 

l)(in 
l)(in 
l)(in 



2) (in 
2) (3r, 

2)0V 

2) (in 
2) (in 
2) (in 



3) 
3) 
3) 

3) 
3) 
3) 



■j^-iiy™- 1 

•J,+iT) Cl+1 
.£l)Ej=i«y-(cm-Q/2 

.^5)(em-0/a-Ej;ic* 

■fl-iS)*" 1 

•ii2) ci . 

^0(^2) = c 



L Applying 



£0(1^2) 



From this expression, we have £0(1^2) = 2k — c, 
we get 

w 3 :=e\ k ~ Cm o / Rov(a , 5 ) o $ o S o o e a5 (w 2 ) 

= (456- • • ( Jm + 2)5)' (134- ■ • (i m + 2)2)^-^(134- • • i m _i2) c — 1 • • • (134- • •j 1 2) c 

Note that the length of the string (456 • • • (j m + 2)2) is j m whereas that of the string 
(134---0 m + 2)2) is j m + 2. 
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In order to convert the action of e 1 Cm into that of e Cm , we define the word 
a 6 = a6,i a 6,2ei6,3a6,4a6,5 as follows. a 6 ,i = 2 2k ~ l , a 6 , 2 = a 6 ,2,m+i • • -06,2,2 where 
subwords are defined by 

n2k A 2k 1 ■ 1 1 \2k 

a.§,2,m+l = o 4 ■■•{J m + l) , 

a 6 ,2,m = (jm + 2) 2fe - Cm (i m + 3) 2fe - c '" • • • (j m _i - l) 2fc - c ", 

ae.2,, = jT CJ (ji + l) 2k -^?=> c > • • ■ - l) 2fc -^ c > (m - 1 > i > 2), 

a 6,3 = J* 0*1 + • • • ™ fc (™ - l) fe • • • (ji + , ae,4 = 06,4,1 • • • 06,4,m-i where 
subwords are defined by 

a 6>4 ,i = (ji ~ l) k ~^U c J(ji - 2) k ~^U ^ • • . j^p=> c \ (1 < i < m - 2), 

a 6 ,4,m-l = (jm-1 - l) k -^ ^ (j m _ 1 - 2) k ~^T=i 1 <h... (j m + 2) k ~^T=i 1 , 

and a 6 , 5 = (j m + l) 1 ■ ■ ■ 3 l 2 l . Computation of e ae (u>3) proceeds as follows: 

e„ 6|1 (w 3 ) = (4567 • • • (j m + 2)3)' (1245 • • • (j m + 2)3) c ™-< 
(1245---j m _!3) c — 1 ---(1245---j 1 3) Cl 

— (345 • ■ ■ (j m + 1)""7)'(123 • • • (j m + l)Ti) Cm - L 

(123 • • • (j m _ t - iWiY™- 1 ■ ■ ■ (123 • • • (h - l)Ti) Cl 

(345 • • • (j m + l)ji)'(123 • • • (j m + l)j!) c ™- 1 
(123 • • • (i m _ x - ljii) "- 1 • • • (123 • • • & - l)ji) Cl 

(345 • • ■ (j m + l)(jm + 2))'(123 • • ■ 0™ + l)(j m + 2)) c ™~' 
(123 ■ • ■ (i m _! - l)^-!) ™- 1 • ■ ■ (123 • • ■ (jt - l)jx) Cl 

(234 • • ■ j m (j m + 1))'(123 • ■ • (j m + l)(j m + 2)) c ™-< 
(123 • • • (j m _! - 1)^-1)^- 1 • • • (123 • • • (ji - l)ix) ci . 

By this corresponds to the following ±-diagram, and & acts on it as follows: 



+ ■■• + 








+ ••• + 












e 

i. 




+ ••• + 


+ + 










Cm I 


i 








l 



Let us assume that "Cj=i 2c, < ^ < "Cj=i 2cj. Then the right ±-diagram corre- 
sponds to the expression (|5.2[) with Y^j=i c j — c m/2 and c m /2 — Y?j=i c j m (|5.2[) 
being replaced with 53}=i c i — and Z/2 — c j- Application of fjt C v(a 6 5 ) is 

similar to that of /R C v(a 3 ) on (|5.2| and we obtain /R ev (a 6 ,5) ° ^ ° 6 ° * 1 ° e a6 (i()3) 
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(5.3) 

(234- ■ • (j m + 2)l) c "*(234- • ■j m _ 1 T) c ^ ■ ■ • ■: 231 T:' 

(234 • • • jil)^ 1 Cj ~ l/2 (134 • • • ii2) i/2_i: 5=i V . . . (134 . . . j2 2) c 2 (134 •• • ji2) Cl . 

The remaining computation of /R CV (a 6 ) is almost the same as the computation of 
/Rev(a 4 ) given in the final part of the proof of Lemma 15.41 The only difference in 
fa, 6 1 = fi~ IS caused by the fact that letters 1 and 2 appear I times in /R CV (a 6 B ) ° 
$ o 6 o $ _1 o e a6 (w 3 ). □ 

As for e a2 , the beginning two steps e^e^e 2 ^~ Cm f ai (l l ® fi) gives 
1'® (145 • • ■ (j m + 2)3 2) c - (145 ■ • • Jm _i3 2) c ^ ■ • • (145 ■ • • j 2 3 2) C2 (145 ■ ■ ■ ji3 2) Cl . 

By comparing this with e\ k e\ k+s e^ k ~ Cm+s f ai (fj, ® we see that the rest of the 
computation of e a2 is almost the same as that given in Lemma l5.5l This completes 
the proof for Case 1. 

5.3.2. Proof for Case 2. Note that in this case we have (I — c m ) + = I — c m . Action 
of eQ k ~ Cm is obtained by formally setting I = c m in Case 1. Therefore we have 

e 2k-o m+ (l-o m ) +fai{1 i = 2i-c m3 c m g (e^-^^)!^). 

where eg fc_Cm (w 2 ) is given in (|5.3[) . When we further apply e a2 on this formula, 
we realize that there are extra exponents originating from 2 l ~ Cm in the first tensor 
component of the right hand side. These extra contributions coincide with the 
exponents 5 in a 2 . We have completed the proof of Lemma 15.61 

5.4. Proof: Part 3. Now we can prove Proposition l5.1l We prove the first relation 
by descending induction on j m . If j m = r (this is the maximal possible value), we 
have fj, = (k r ). In this case we see ((k r ) <g> l') = 1 ® (k r ) by weight consideration. 
The induction proceeds by using Lemmas 15.21 and 15.61 

As for the energy function, we have to look carefully the action of eo in Lemmas 
15.21 and 15.61 If eo acts on the second component of the tensor product, we write R, 
and L on the first component. We summarize actions of eo to get j2<E)l l and 1 ® p, 
in two lemmas as follows (proceeds from left to right): 

H ® l l : R- - - - - R L - -L 

{l-c m ) + 2k-c m 

l l ® n : R - ■■ R L - ■■■ ■ ■■■■L 

2k-c m (l-Cm) + 

The diagram is drawn in the case of (I — c m )+ > 2k — c m . Including the other 
inequality case, we see that we have exactly the same number of (LL) and (RR) 
cases (see (|3.7[1 ). Therefore we have H(/j, CS> l') = H(fi <E> P). Using the same 
induction as above we obtain H(n ® l l ) = H{(k r ) ® l l ) = 0. This completes the 
proof of Proposition [5Tj 

6. Reduction to the special case 

6.1. Odd r case. 
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6.1.1. Calculation in B r ^ k <g)B 1 ' 1 . Let [i®x € B rM &B 1 ' 1 be / -highest. Recall that 
we defined fii by fi = '^2 i /ijA;. (Readers are warned that it is not the multiplicity 
of i in the corresponding partition jj, but its conjugate //.) Note that fii = 
unless 1 < i < r and i is odd. We also know that the coordinates other than 
x±,X2, ■ ■ ■ , av+ii x r , . . . ,Xs,Xi are all by Proposition [3TTJ 
Let us define a word b± = 61461,2 by 

(6.1) b M = 2 S2 3 S3 • ■ ■ r Sr (r + l) Q (r + 2) Q • • ■ n a (n - 1) Q ■ ■ • (r + l) Q r Q 

( r ._ 1 )-v-i( r _2) s "- 2 ---2' 52 , 

61,2 = l fl 2 f2 3 S3 • • • (r - l)^- 1 ^^ + l) fc • • • n fc (n - l) fe • • • (r + l) fc r fc 

( r ._ 1 )fr- 1 ( r _ 2 )^-2...2 l =l Sl 

where the exponents arc defined as follows. For i = 1, 2, • • • , (r + l)/2, 

2i-l 2i-l 
S 2 i-l=2fc- ^ jUj + Xi + Z 2 i + ^ %' S 2i = S 2 j_l - Z 2i . 

j — l:odd j— 3:odd 

Define a = k + x\ + X)j=3-odd Then s r = a + m r +i- For i = (r — l)/2, • • • , 2, 1, 

r r+1 

«2-i = s 2 j-i = a - Mi + ^ ^j- 

j=2i+l:odd j=2i+l 

Set si = 2k + I — fii and define other Si by S2i-i = s-ii — 2fc — EiLi-odd^ ^ or 
i = 1, 2, • • • , (r — l)/2. Note that s r _i = fc + /i r . Set si = 0, S2 = X2 + X\ and 
define other I, ; by I 2i = I 2 i-i = k - X^=2i+i:odd A*j for « = (r - l)/2, • • • , 3, 2. 
The goal of this subsection is to prove the following proposition. 

Proposition 6.1. We have 

e^ef-" 1 ^ 1 ^ 2 (p®x)=fl® 3*a+*il'-*a-*i 
where p = E[= 3:0 dd ^ A '' + /"l A 3- 

During the proof, we assume fi\ even. The proof for odd [i\ is similar. 
Lemma 6.2. IfY?j=i+i 2 M;/ < Mi < Ej=i 2 Mj> ^ erl 
eo fc_A1 V = (321)' I1+ ' 13 (3452T)^ 5 • • • (345 ■ • • (i - 2)21)^- 2 (345 • • • i21) S i=' ^-^/ 2 
(145 • ■ ■ i32)^ l/2 "^i=i+i W (145 ...(« + 2)32)^+ 2 • • • (145 ■ ■ • r32)^. 

Proof. Since $ _1 (/^) is the ±-diagram of outer shape /i such that all the columns 
have + as symbol, we see $o6o$ _1 (/j) = l All (231) f13 • ■ • (23- • •rl)' ir . Thus one has 
e (m) = 2fc-/ii, </?o(m) = 0. We have ef o^oSo*- 1 ^) = 2^(132)^ • • • (134 • • -r2)' 
To convert the result into that for eo fc_Ml we define a word b\ 1 as follows: 

b' M = 2^3 S 3 • ■ • r< (r + l) a ' (r + 2) Q ' • • ■ n a ' (n - l) a ' •••(?' + l) a ' r a ' 

(r- l)^-i(r - 2) 5 -- 2 •••2 52 

where s'- = Si| Xj=0 , a' = a\ Xj =o, s[ = Sj| X3=0 . Then we have 

e b[i oef _Al1 o^oSo*- 1 ^) = 2' il (123) At3 (12345)' t5 ---(12---r)^. 
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Applying $060$ 1 further, we obtain 

(6.2) (231) Atl+At3 (23451)^ • • • (23 • • • (i - 2)1)^- 2 (23 • • • il)^=> w~^/ 2 
(1245 • • • i3)^/ 2 -^J=*+i w (1245 •••(« + 2)3) Ml + 2 • • • (1245 • • • r3) /ir . 

Finally, applying /R cv (b' 1 x ) we obtain the desired relation. □ 

Lemma 6.3. eQ k ~ fll+Xl+X2 (/j, <E) x) is equal to 

(6.3) ef-^fi <g> 2*1383 ■ • ■ (r - 2)*"~ V-(r + l) 2 ^ 1 • • ■ 1 Xi ^ 

Proof. Note that the second component of the RHS is eQ 1+X2 x. Since <Pq(jji) = 0, 
we obtain the expression. □ 

Lemma 6.4. e blA el k ~^ 1+xl+X2 (fi ® x) = Eq.$6J% ® j^+x^i-^-x! . 

Proof. Let us consider the operation of e^ 2 = e% ~ >il+Xl m 6bi i _ Since ^(e^ _ftl (//)) = 
0, e2 acts on the second component at most £2 (2nd comp) times and the rest goes 
to the first. The 2-signature of the second component of (|(3. 3|) is — Xl + X!i — X3 . From 
the highest condition for fj, ® x we have 2; 3 > X3, thus e2 acts on 2 Xl only. We can 
continue similarly and obtain the desired result. □ 

Finally, we consider the action of e bl 2 . The 1-signature of Eq. $a>.2$ (?)l X2+Xl 2 l ~ X2 ~ Xl 
is _2k-pi( + _yi/2_i m By applying e 2fe+ ' _/il , we get 

( 13 2)mi+M3 (13452)^5 . . . ( 1345 2)2)^- 2 (1345 ■ ■ • i2)SJ=< 

(1245 • • • 4 -3)Mi/2-i:; =i+I h ( 1245 . . . (i + 2)3)^+ 2 • • • (1245 • • • r3)^ ® S^ 2 " 1 " 21 l'-^-^i , 

The 2-signature of the above element is — 2fe ~' il -f^ 1 - l2+l1 . From the highest 
condition for /i (g) x we have /ii > X2 + Xi, thus e2 does not act on 2 X2+Xl l l ~ X2 ~ Xl . 
Therefore e^ - ^ 1 acts on the first component and obtain 

( 123 yi+M3 (i2453) Ms • ■ • (1245 •■•(«- 2)3) M - 2 (1245 ■ ■ • i3)^=< w^ 1 / 2 

(1245 • • • i3) Ml/2 -^'='+ 1 ^ (1245 • • • (i + 2)3)^+ 2 • • • (1245 • • • r3)^ ® 2 X2+Sl _ 

We can continue the computation and arrive at Proposition ^. 11 

6.1.2. Calculation in B 11 <E> B r ' k . In this subsection, let P and P' be the ±- 
diagrams. As before, corresponding to P and P', we use the paramctrization p* 
and p'i* (* = ■,+,—, T) respectively. Note that by definition pf = p[ T = 0. Define 
a word b' 2 = b' 2 1 b' 2 2 by 

b' 21 =2 t2 3* 3 ■■■r t -(r + lf{r + 2f---n (3 (n~ \f ■ ■ ■ {r + if r 13 

( r _ l)*-i(r-2)*'- 2 •■•2* 2 , 
& 2 ,2 = l* 1 2* a 3* a • • • (r - l)*'- 1 r /3 '(r + l)' 3 ' • • • n? (n - if ■ ■ ■ (r + ifr? 

( r _l)fr- 1 ( r _2)tV 2 ...2*2_ 
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Here the exponents for b' 2 i are 

r 

t 2 = k+ (pt-pT)-pf-pi, 







i— l:odd 












-u 


_{-pU 

\-pf + 2 


(if 
(if 


i is 
i is 


even) 
odd), 




p- 


tr = 


Pri tr- 


-1 - 


-P 


= ~Pr 


-Pr-2, 


U- 




-{.-*■- 


Pi- 


-l 


(if i is 
(if i is 


even) 
odd). 



The exponents for b' 2 2 are 

fi = 2k -pf - pi -pf 

-pf+3 - Pi+i - Pi+i - P'i-i ( if * is even ) 

(if i is odd), 



- U-l = tr-l ~ = -Pr+2 - Pr ~ Pr ~ Pr-2, 

{-Pf+s - Pi+i - Pi+i - Pi-i ( if 1 is evcn and * + 2 ) 
-P5 - Pz - Pt - Pi - Pi ( if i = 2 ) 
(if i is odd). 

From b' 2 , we define another word b 2 = 62,1^2,2 as follows: 
6a,! - 2 t2+ '3 t3+/ • • ■ A+V + lf +l (r + 2f +l ■ ■ ■ n fJ+l (n - lf +l ■ ■ • (r + lf+ l r ^+ l 
(r _ 1)^-1+' ( r - 2)*- 2+i • ■ ■ 2' 2+ ', 

b 2 , 2 = l ? i+<2*V 3 • ■ ■ (r - l) 1 - 1 ^'^ + 1) /3 ' • • V(n ~ ^ •"(»• + 

( r _l)5r-l( r _2)*r- 3 ... 2 *3. 

Then the goal of this subsection is to prove the following proposition: 
Proposition 6.5. We have 

e b2 el o{P)+ \\ l ®P) = l l ®P' 

where 

e (P) = J2(Pj+ 2 Pt+P7)-Pt, 

j 

and P' is related with P as 

Pl=Ps+Pl' P3 + = Ps +P3 +P3 +Pl +Pli 

P'r + = Pr + Pr + Pr + Pr-2, Pi + = Pf+2 + Pi + Pi + Pi-2> 

where i is an odd integer such that 3 < i < r and all other p'* = 0. 

Since eg ® P) — 2 l <S> eg (P), this proposition is the consequence of 

the following lemma: 

Lemma 6.6. With the notations of Proposition [&"5l we have ey e^ (P) = P' . 
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The rest of this subsection is devoted to the proof of this lemma. To begin with, 
we observe the following: 



Lemma 6.7. e (P) = J^jiPj + ^P 



+ +pf 



■pf- 



Proof. We use Proposition ^. 31 Schematically, the pair of ±-diagrams correspond- 
ing to &(P) looks as follows: 



Pr Pt Pr Pr-2 



+ + +" 



Pr 



+ + + 



Pi 



+ + 


Pf+2 


P l 


pi 


Pi-2 




+ + 


+ + 


+ + 




+ + 


pi 






+ + 


+ + 






+ + 


+ + 



Pl 



+ 



Pi Pi Pi 



+\+ + 



3 



Here the thick lines represent outer shape of &{P) and the thin lines represent the 
inner ±-diagram. (Since we are to consider the e\ action, we need such a pair of 
±-diagrams.) The numbers p* represent the numbers of columns which have the 
same pattern of + and — indicated below p* . According to Proposition 12.31 we 
make pairs of two + symbols which we indicate by gray squares in the diagram. 
Then we see that we can apply e\ up to + ^Pi +pJ) — Pi times, which gives 

the value for eo(P). The pair of i-diagrams corresponding to o &(P) looks 

as follows: 



Pr Pr Pr Pr-2 



+ H 

+ + 



+ + 










Pi+2 Pt 


pi n-2 




+ + 


+ + + -i 


- + + + + 






+ -i 




pi 






+ + 


+ + 



Pl 



pi pi Pi 



+ 



+ + + 



Note that the numbers of columns of height 1 have changed from p^ , p x , p\ to p\ , 
Pa, Pi- □ 



In order to compute (P), we usually make e] ^ o &(P) into {2, 3, • ■ ■ , n}- 

highest by applying suitable e a , apply 6 and then apply fnev(a) (see (|3.2|0 . How- 
ever, since & commutes with the action of e, (i = 2, 3, • • ■ , n), we can apply & on 
the pair of ±-diagrams directly. Namely, & changes the outer zt-diagram only. The 
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„ e °(P) 



pair of i-diagrams corresponding to S o o 6(P) looks as follows: 

(6.4) 

Pr Pr Pt Pr-2 

T 

Pi 



Pi 



Pf+2 Pi Pi Pi-2 



+ 



Pi Pt 



+ 



P3 Pi 



Note that the outer shape has also been changed at pf 



Lemma 6.8. The inner ±-diagram of ey o 6 o o &(P) is of highest type, 

i.e., each column contains + as symbol. 

Proof. We use Proposition ^. 21 The quantities Cj, c~ and cf there should be used for 
the corresponding numbers of the inner ±-diagram of (|6.4[) . Since we are considering 
the inner ±-diagram, we have to understand the word a there as follows: 

a = 2 ai T 2 ■■ ■ (n- l) an - 2 n an - 1 (n - l) a '- 2 • ■ -2 a 'i, 

and the formula for a, and a' are the same in terms of c, , c7 and cj . Then, 



>. i— 3:odd 



1=1 i—1 i—1 

=k+l (pi+Pi-2)+pt 

V i=3:odd 
r 

=k+ y {pi -pi) -pt -pi 

i— l:odd 

and differences a i+ i — a, are 

a i+ i - a t = c+ + - Q - 

~pf+2 (if * i s odd) 
— Pi+3 (if * i s even and i ^= r — 1) 
-p r (i = r - 1) 

and differences a\ — a£ +1 are 

/ _ / _ - _ / -pt+2 - Pi ( if i is odd ) 
10 [lit is even). 

We see that the word a computed here coincides with b' 2 v 



Pi 



□ 



Lemma 6.9. e\ 3 +Pl o ey 2 2 o ey 2 i o 6 o e e ° K± ' ) o (5(P) is I^-highest. 



eo(-P) 
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Proof. Again, we use Proposition 12.21 In this case, the quantities Cj, c i and cf 
there mean those for the outer ±-diagram of (|6.4|) . Let us compute the word 



a = l ai 2 a2 ■• • (n - l) "-^ "^ - l)"— 1 • • ■ l ai 
there in the case of our (|6.4j) . To begin with, a\ is 



ai = J2 Ci + J2 c ' ~J2 c t ~ c i = k + k -Pi - {Ps+Pi ) 

l—l i—1 4—1 

= 2fc -p^ -p~ -p+, 
and differences aj+i — at are 

a l+ i - a< = c+ + cr - ^ - cr +1 

{0 (if « is odd or i > r) 

-Pf+s - Pi+i - Pi+i - P'i-i ( if * is even and i < r - 1) 

and differences a' i — a' i+1 arc 

!0 (if i is odd or i > r) 

-Pi+3 ~ Pi+i ~ Pt+i ~ P'i-i ( if * is even and i ^ 2, i < r - 1) 
-P5 - Ps - Ps - Pi - Pi (if t = 2). 

We see that the word a computed here coincides with b' 2 2 except for a! x = p^ + p^ 
which does not appear in b' 2 2 - D 



Let ji be the Jo-highest weight element whose outer shape coincides with (|6.4[) . 
Then the above lemma shows that eb 2 e £ ^ P \p) = f^ 3+Pl (£j). Since there are 
exactly (pf + Pi) columns of height 1 in ji, we see that the content of columns 

of height I in the tableau /f 3 +Pl (ji) arc all 2 and that the other columns are the 
same as ji. From the shape of (|6.4[) we see that /f 3 +Pl (//) coincides with P' given 
in Proposition 16.51 To summarize, we have ej, 2 eQ° (P) = P' . hence we complete 
the proof of Proposition 16. 51 

We remark that the 1-signature of l l (g) P' is +' — ( Pa +Pl > + c for some C and 
from the highest weight condition of 1 ® P we have ^ > p% + Pi ■ Thus we cannot 
apply ei on l z ® P' . 



6.1.3. Reduction to the special case. 

Proposition 6.10. Suppose fi,x and P are related as in Theorem ^. 1\ Then, with 
the notions in Provositions 1 6. i\ and [fT5[ we have 

(i) 2k - pi + xi + x 2 = e (P) + I, 

(ii) b± ~b 2 , and 

(iii) In view of Provosition [Kl[ set H = H(fx®x), W = H(JL®?> X2+Xl l l ~ X2 ~ Xl ). 
Then we have H = H' + (x\ + x% — I). 
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Proof, (i) We have 

£o(P) = J2(Pj + 2 Pt + Pf) -Pi=M- J2(Pj + Pf + 2 Pj) - Pf 



I — 2 



= 2/c - I Y, {xj+2 - Xj+2) + x r+ i - ^2 - X] 2.Tj+2a;i 

Vj=l:odd / j=3:odd y.j=3:odd 

- (yUl — — .T 2 ) = 2k — I + X\ — |Ul + x 2 , 

where we have used X^ii x j + zCj=iodd % = ' i n ^ ne nna l nne - Thus £o(-P) + ' = 
2k - /ii + + X2- 

(ii) To begin with let us show bi t i = b^.i- We compute 

/ r \ 

t 2 = k+ ^2 (to _ x j — x j+i) - \xi+ X Xj J — X2 — {pi\ — xi - x 2 ) 

j=l:odd \ j— 3:odd / 

= 2k — I — /ii + xi, 

thus t 2 + I = S2, which shows the coincidence of the first letters of bi t i and i>2,i- 
As for the other s, and £.,-, note that 



ti+i — U 



-pf+i = -(lH+i ~ x i+i ~ x i+2) (if i is even) 
-pf +2 = -Xi+i (if i is odd). 

When i is odd, we see fcj+i — ti = Sj+i — s,. When i is even, we have 

2fc - ^ /ij + xi + x i+2 + Xj 

j— l:odd J— 3:odd 

i-1 i-1 

2k - Y to + x i + ^ 

j=l:odd j— 3:odd 

and thus we have t^i — U = — Sj, i.e., ti = Sj for all i. We have (3 — t r = 
—p r = —x r+ i = a — s r , i.e., a = (3 + 1. Similarly, we have i r -\ — /? = — p+ — £> r _2 = 
— (/x r — x r — x r +i) — (x r — x r ) = —/j, r + x r + x r+ \ = s r _i — a. As for other ii and 
s,-, we have 



ti+l — ti — 



-pf +1 -P'i-i = -(/"i+i - Zi+i - Zi+2) - (xi+i - aii+i) (if i is even) 
(if i is odd). 



Thus we have U + I = Si for all z and obtain 61.1 = b 2j i. 
Similarly we can show = b 2) 2- We compute 

i\ = 2k — x 2 — x\ — (fj,i — x\ — X2) = 2k — yUi, 

thus i 1 + I = s~i, i.e., the coincidence of the first letters of 6^1 and 62,1- Next, 
we have I2 — (?i + I) — —I. On the other hand, we have si = 2k + I — /ii and 
S2 = 2k — /Xi, thus s~2 — s\ = —I, i.e., £ 2 = s 2 . Similarly, we can recursively show 
U = Si for all i, /3' — k, U = s~i for all i. So we have bi ; 2 = ^2,2, and therefore we 
get the final result b\ = 6 2 . 

(hi) The O-signature of ^®x is - 2k ^t 11 ■ -Xi+x2 + c\ f or somc q an( i that of l' ® P 
is — 1 ■ — 2k - l -^i+ x i+ x 2+ c 2 f or some C2. Here we divide into two cases. Let us first 
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assume 2k — fii > I. Then the actions of eo on two tensor products look as follows 
(proceed from left to right): 

H ® x : R ■ ■ ■ ■ RL ■ L 

X1+X2 2k— fj,i 

l l ®P : R RL L 

S V v ' 

Thus we have (x\ + x%) (RR) pairs and I (LL) pairs. Therefore we have H' = 
H — (xi + X2) + I which gives the desired relation. Next assume 2k — /ii < I. Then 
we have (2k — I — fj,i + x± + x%) (RR) pairs and (2k — fii) (LL) pairs and again we 
obtain W = H - (x 1 + x 2 ) + I. □ 

6.2. Even r case. Since the proofs are similar to those for the odd r case, we only 
describe the results. 



6.2.1. Calculation in B r - k (g> B 1 ' 1 . Let fj, ® x G B r - fc ® B 1 ' 1 be 7 -highest and /x = 
^2 i /j 1 iA i . /it, = unless 1 < z < r and i is even. We also know that the coordinates 
other than x±, x%, . . . , x r +i, x r , . . . , £4, i 2 are by Proposition 13.11 Let us set c = 
(x\ — (J-o)+ throughout this subsection. 
Let us define a word 63 = 63,163,2 by 

63.1 = 2 S2 3 S3 • • • r Sr (r + l) a (r + 2) a ■ ■ ■ n a (n - l) a ■ ■ ■ (r + l) a r a 

(r-l) s '- I (r -2) Sr ~* ■■■2 S2 , 

6 3 . 2 =l fl 2 ?2 3 f3 ■■■(r- l)» r - 1 r k (r+l) k ---n k (n-l) k ■■■(r + l) k r k 

(r-l) S '- 1 (r-2) , '- 2 ---2 ,2 l l1 
where the exponents are defined as follows. For i = 1, 2, • • ■ , r/2, 

2i 2i 

s 2 i=2k- /ij + c + a; 2 j + i + %, s 2 j+i = s 2 j - x 2 i+i. 

j— 0:evcn j— 2:cvcn 

Define a = fc + c + X^=2:ovcn Then s r = a + x r+1 . For i = r/2 — 1, • • ■ ,2,1, 

r r+1 

S2i+i = s 2 i = a- ^2 V>3 + X! X J- 

j'=2i+2:oven j'=2i+2 

Set si = 2k + I - x\ + c and define other s< by s 2i = s 2 i+\ = 2k - J2jLo-.even H f° r 
i = 1, 2, • • • , r/2 — 1. Note that s r _i = k + fj, r . Set Si = and define other Sj by 
s 2 ,_i = s 2i - 2 = & - Ej= 2 i :C vc„ f or * = r/2 - 1, • • • , 3, 2. 
Then we have: 

Proposition 6.11. FFe /icwe 

e b3 eo fe " A10+c (/i(K)a;) = ^ ® l' 

w/iere /I = ££ =2:even Vi^i + MoA 2 . 

We remark that £o(a0 = 2k — fio an d ¥>o(/-0 = Mo- This nonzero tpo(fi) is the 
origin of c in the above formula. 
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6.2.2. Calculation in B 11 <E> B r ' k . In this subsection, let P and P' be the ±- 
diagrams. As before, corresponding to P and P', we use the parametrization p* 
and p'* (* = ■, +, — , =p) respectively. Define a word 64 = 64,164,2 by 

64.1 = 2 t2+ '3 t3+/ • • ■ r^+\r + lf+\r + 2f+ l ■ ■ ■ n 0+l {n - ■ ■ ■ (r + 

(r - l)*- 1+i (r - 2)^- a+J • • • 2' 2+ ', 

64.2 = l fl+i 2 f2 3* 3 ■ • • (r - lJ^r^Cr + if • • V(n - if ■ • • (r + 1)^V 

(r- l)^- 1 ^ - 2)*- 2 •••2* 2 . 
Here the exponents for 64,1 are 



t 2 = k+ (pf-Pi)-Pt -P%i 





i— 2:even 








t-i+l — ti 


{-pt>2 


(if i is 
(if i is 


odd) 
even) , 




p-t r = 


-P'r: U- 


-1-/3 


= ~P+ 


Pr-2i 


ti — ti + l 


-{."**- 


Pi+i 


(if i is 
(if i is 


odd) 
even) . 



The exponents for 64,2 are 
t\ = 2k - p^ 

x x _ J - Pi+i - Pi+i - P'i-i ( if i is odd ) 

H+l - ti - < 

10 (11 1 is even) , 

/?' - F r _i = i r _! - = -p r - - p+ - p r _ 2 , 

!-Ph-3 - Pi+i - Pi+i - Pi-i ( if i is odd and * ¥= !) 
-P4 ~ P2 ^ P2 ~ P2 - Po ( il?: = 1 ) 
(if i is even). 

Then the result is: 
Proposition 6.12. We have 

e bi el o{P)+ \l l ®P) = \ l ®P' 

where 

r-2 

£ (P)=p r + 2 P ++p r _ 2 + (Pf+2+ 2 Pt + P3-2): 

j— 2:even 

and P' is related with P as 

p' 2 + = PA + P2 + P2 + P2 + P0) Pr + = Pr + Pr + Pr + Pr-2> 

Pi + = Pf+2 + Pi +Pi + Pi-2, 

where i is an even integer such that 2 < i < r and all other p[* = 0. 
Obviously, P' above is an 7 -highest weight element. 
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6.2.3. Reduction to the special case. 

Proposition 6.13. Suppose fx,x and P are related as in Theorem \4-.l\ Then, with 
the notions in Provositions 1 6. 77] and \6. lB. we have 

(i) 2k- fx + c = s (P) + l, 

(ii) £>3 = 64, and 

(iii) H(fj, (g> x) = {x\ — ^ )+ - I- 
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